Using the theory of majorization, new inequalities for convex sequences are proved. A necessary and sufficient condition for a convex sequence is established. This reveals an important relationship between the convex sequence and the majorized inequality. Finally, some applications of our new inequalities and some improvements of certain known results are presented.
Introduction
Considerable attention has been given to the study of convex sequences and their properties, and the corresponding inequalities with applications. In general, convex sequences as discrete versions of convex functions play an important role in mathematical analysis and in the theory of inequalities. Inequalities for convex sequences provided considerable interest in proving a large number of elegant results with applications (see Wu and Shi [1] and Mercer [2] ). In addition, several authors including Mitrinović and Vasić [3] , Roberts and Varberg [4] , and Mitrinović et al. [5] presented a large number of major results for convex sequences and related inequalities.
The major objective of this paper is to prove some new inequalities for convex sequences with applications. Using analytic techniques and the theory of majorization (see Marshall and Olkin [6] and Wu [7, 8] ), a necessary and sufficient condition for a convex sequence is proved. An important relationship between convex sequences and majorized inequalities is obtained. This result can be effectively used to discover and prove new inequalities for convex sequences. Moreover, many useful inequalities related to convex functions as well as convex sequences are established. Some of these inequalities provide a refined estimation for the sum of certain finite sequences. In addition, examples of applications of the obtained results are presented in the last section of this paper.
We denote by R and N the set of real numbers and the set of positive integers respectively. I denotes interval. Let x = (x 1 , x 2 , . . . , x n ) denote n-tuple (n-dimensional real vector). We denote the vector space R n by
Definition 1 (Mitrinović and Vasić [3] , p. 11). A real sequence {a i } n i=1 is said to be a convex sequence if 2a i a i−1 + a i+1 for all i = 2, 3, . . . , n − 1.
(1)
A real sequence {a i } n i=1 is said to be a concave sequence if the reverse inequality in (1) holds.
Definition 2 (Marshall and Olkin [6] , p. 7). For any x = (x 1 , x 2 , . . . , x n ) ∈ R n , and y = (y 1 , y 2 , . . . , y n ) ∈ R n , let x [1] x [2] · · · x [n] and y [1] y [2] · · · y [n] denote the components of x and y in decreasing order, respectively. The n-tuple y is said to majorize x (or x is to be majorized by y) in symbols
Definition 3 (Marshall and Olkin [6] , p. 78). Let x ∈ R n , we define the kth symmetric function as follows
Lemmas
To prove the results in Sections 3 and 4, we need the following lemmas.
Lemma 1 (Marshall and Olkin [6] , p. 11). Let (x 1 , x 2 , . . . , x n ) ≺ (y 1 , y 2 , . . . , y n ), x i , y i ∈ I, i = 1, 2, . . . n. Then for any continuous convex function φ : I → R, the following inequality holds
For any continuous concave function φ : I → R, the reverse inequality of (4) holds. 
with equality holding if and only if f is a linear function. If f is a concave function on [a, b], then two inequalities in (5) are reversed.
Lemma 3 (Maclaurin's Inequality (See Hardy et al. [9] , p. 52)). Let x 1 , x 2 , . . . , x n be positive real numbers, n ∈ N. Then
Lemma 4. Let x, y ∈ R n , x 1 x 2 · · · x n , n i=1 x i = n i=1 y i . If there exists m(1 m n, m ∈ N) such that x i y i for i = 1, 2, . . . , m, and x i y i for i = m + 1, m + 2, . . . , n. Then x ≺ y.
Proof. It follows from the hypotheses of Lemma 3 that, for 1 k m, we have
for m + 1 k n − 1, we have
Combining (7) and (8) 
Using the condition n i=1 x i = n i=1 y i , we conclude from the Definition 2 that x ≺ y.
We deduce from the hypotheses in Lemma 5 that
Thus,
Consequently {A k } n k=1 is a convex sequence.
together with the condition σ 1 (x 1 , x 2 , . . . , x n ) = n i=1 x i 1, it follows that, for k = 2, 3, . . . , n − 1,
Hence, we conclude that {σ k (x 1 , x 2 , . . . , x n )} n k=1 is a convex sequence. In addition, we deduce that the sequence {ln (1/σ k (x 1 , x 2 , . . . , x n ))} n k=1 is convex from the known result of Wu [10] :
Or, equivalently,
Thus Lemma 6 is proved.
be a convex sequence, let ψ be a continuous convex function and increasing on Ω , and let the function φ :
· · · a n−1 + (a n − a n−1 )(x − n + 1), n − 1 x n.
Then ψ(φ(x)) is a continuous and convex function on [1, n] . If ψ is a continuous concave function and decreasing on Ω . Then ψ(φ(x)) is a continuous and concave function on [1, n] .
Proof. It is easy to see that ψ(φ(x)) is continuous on [1, n] from the definition of ψ(φ(x)). Now we prove that ψ(φ(x)) is convex on [1, n] .
Consider two arbitrary real numbers x 1 , x 2 ∈ [1, n] (without loss of generality we assume that x 1 < x 2 ). Then there exists positive integers k, l, m (1 k l m n − 1) such that
Further, it follows from (11) that
On the other hand, by the definition of a convex sequence together with the hypotheses k x 1 < k + 1, k l, it follows that
Similarly, from m x 2 m + 1 and m l, we obtain
Combining (12) and (13) yields
Now from the fact that ψ is convex and increasing function, we obtain
2 .
Hence, we conclude that ψ(φ(x)) is convex on [1, n] .
The second part of Lemma 7 can be proved in a similar way. The proof of Lemma 7 is thus complete.
Main results
In this section, we state the main results.
be a convex sequence, a 1 , a 2 , . . . , a n ∈ I, and let ψ be a continuous convex function and increasing on I. Then for any ( p 1 , p 2 , . . . , p k ) ≺ (q 1 , q 2 , . . . , q k ) (1 p i n, 1 q i n, p i , q i ∈ N, i = 1, 2, . . . , k, k 2), the following inequality holds ψ(a p 1 ) + ψ(a p 2 ) + · · · + ψ(a p k ) ψ(a q 1 ) + ψ(a q 2 ) + · · · + ψ(a q k ).
(14)
If ψ is a continuous concave function and decreasing on I, then the inequality (14) is reversed.
Proof. Define a function φ(x) as (11) . We conclude from Lemma 7 that ψ(φ(x)) is continuous and convex on [1, n] .
Using the Lemma 1 together with ( p 1 , p 2 , . . . , p k ) ≺ (q 1 , q 2 , . . . , q k ) (1 p i n, 1 q i n) yields ψ(φ( p 1 )) + ψ(φ( p 2 )) + · · · + ψ(φ( p k )) ψ(φ(q 1 )) + ψ(φ(q 2 )) + · · · + ψ(φ(q k )).
Now, it follows at once from φ(i) = a i , i = 1, 2, . . . , n that the desired inequality ψ(a p 1 ) + ψ(a p 2 ) + · · · + ψ(a p k ) ψ(a q 1 ) + ψ(a q 2 ) + · · · + ψ(a q k ).
Similarly to the above, the second part of Theorem 1 can be proved. The proof is complete.
We choose that ψ(x) = x λ (λ 1) in (14). Clearly, ψ is convex and increasing on [0, +∞). It follows from Theorem 1 that
be a nonnegative convex sequence, and let λ 1, λ ∈ R, ( p 1 , p 2 , . . . , p k ) ≺ (q 1 , q 2 , . . . , q k ), 1 p i n, 1 q i n, p i , q i ∈ N, i = 1, 2, . . . , k, k 2. Then (a p 1 ) λ + (a p 2 ) λ + · · · + (a p k ) λ (a q 1 ) λ + (a q 2 ) λ + · · · + (a q k ) λ .
Theorem 2. A necessary and sufficient condition that {a i } n i=1 is a convex sequence is that the inequality a p 1 + a p 2 + · · · + a p k a q 1 + a q 2 + · · · + a q k (16) holds for any ( p 1 , p 2 , . . . , p k ) ≺ (q 1 , q 2 , . . . , q k ), 1 p i n, 1 q i n, p i , q i ∈ N, i = 1, 2, . . . , k, k 2.
Proof. The necessity part follows at once from Theorem 1 with ψ(x) = x (x ∈ R). On the other hand, by the obvious relationship for majorization: (i, i) ≺ (i + 1, i − 1), i = 2, 3, . . . , n − 1, we deduce from (16) that 2a i a i−1 + a i+1 for all i = 2, 3, . . . , n − 1. Consequently, the sequence {a i } n i=1 is convex. The sufficient condition is proved.
be a positive convex sequence and strictly increasing, and let f be a convex and nonnegative function on (0, +∞). Then f (a 1 ) + f (a n ) + 1 a 2 − a 1 (3a n−1 −a n−2 )/2
( f (a 1 ) + f (a n )) + 1 a n − a n−1 a n a 1
with equality holding if and only if f is a linear function, and a 2 − a 1 = a 3 − a 2 = · · · = a n − a n−1 .
Suppose that {a i } n i=1 is a positive concave sequence and strictly increasing, and f is concave and nonnegative on (0, +∞). Then two inequalities in (17) are reversed.
Proof. It follows from the hypotheses and the Hermite-Hadamard inequality (see Lemma 2) that
and 0 < a i+1 − a i a i+2 − a i+1 · · · a n − a n−1 (i = 1, 2, . . . n − 1).
Hence, we have
( f (a 1 ) + f (a n )) + 1 a n − a n−1
( f (a 1 ) + f (a n )) + 1 a n − a n−1 a n a 1 f (x)dx.
On the other hand, by using the left-hand side of Hermite-Hadamard's inequality, we have
Consequently, we deduce from a i+1 − a i a i − a i−1 · · · a 2 − a 1 > 0 (i = 1, 2, . . . n − 1) that f (a n−1 ) 1 a 2 − a 1 (3a n−1 −a n−2 )/2 (a n−2 +a n−1 )/2
(The latter inequality follows from f (x) 0 and (3a i − a i−1 )/2 (a i + a i+1 )/2). Utilizing the above inequalities, we obtain
f (a 1 ) + f (a n ) + 1 a 2 − a 1 (3a n−1 −a n−2 )/2 (a n−2 +a n−1 )/2
Similarly, we can prove the second part of Theorem 3. The proof is complete.
Remark 1. For any arithmetic progression {a +kd} n k=1 , we find 2a k = a k−1 +a k+1 (k = 2, 3, . . . , n −1). This means that the arithmetic progression {a + kd} n k=1 is convex as well as concave. Consequently, by using of Theorem 3, we obtain Corollary 2. Let a 0, d > 0, n 3, and let f be a convex and nonnegative function on (0, +∞). Then
with equality holding if and only if f is a linear function. If f is a concave and nonnegative function on (0, +∞), then two inequalities in (18) are reversed.
Some applications
In this section, we show some applications of our new inequalities. Moreover, improvement of certain known results is also presented.
Proof. Since {a i } n i=1 is a convex sequence, it follows from Lemma 5 that {A k } n k=1 also is a convex sequence, where A k = 1 
Hence, by Corollary 1, we obtain
The above inequalities can be translated to inequalities (19) and (20) respectively, since A k = 1 k k i=1 a i , k = 1, 2, . . . , n.
Mercer [11] established the following inequality for the convex sequence {u k } n k=1 n k=1 1 n −
In a recent paper, Wu [12] proved the following relationship for majorization: , m + l, . . . , m + l
where m 0, n 3, l 1, m, n, l ∈ N.
Utilizing the Corollary 1, Theorem 2 and (26), we can generalize Mercer's inequality (25) as follows:
If {u k } m+nl k=1 is a nonnegative convex sequence, then n k=1 1 n −
In the following proposition, we establish a class of new integral inequalities. 
which implies I k−1 + I k+1 2I k , k = 2, 3, . . . , n − 1. It follows that {I k } n k=1 is a convex sequence.
On the other hand, it is easy to verify by Lemma 4 that
(33)
Proof. By Lemma 4, we conclude that
Now, using Lemma 6 and Theorem 2, we obtain mσ m (x 1 , x 2 , . . . , x n ) (m − l)σ m+l (x 1 , x 2 , . . . , x n ) + lσ l (x 1 , x 2 , . . . , x n ), m ln(1/σ m (x 1 , x 2 , . . . , x n )) (m − l) ln(1/σ m+l (x 1 , x 2 , . . . , x n )) + l ln(1/σ l (x 1 , x 2 , . . . , x n )).
The inequality (33) follows immediately from the above inequalities. Finally, we show an important application of Corollary 2. A simple and effective method for estimating the sum of certain finite sequence is given via the following proposition. Proof. Taking f (x) = x λ (x > 0) in Corollary 2. It is clear that f is strictly convex and positive on (0, +∞) for λ < 0 or λ > 1, and f is strictly concave and positive on (0, +∞) for 0 < λ < 1. After some simple calculations, we deduce inequalities (35) and (36) from Corollary 2.
The following examples provide some interesting applications of Proposition 5. 
